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Abstract
A formalism based on plane wave decomposition is applied to the linear prop-
agation of terahertz pulses in experimental geometries. The approach is very
general and is not restricted to any particular polarization (or current) source.
Near and far field expressions easily amenable to numerical computation are
obtained for the temporal profiles and spectra of terahertz pulses in layered
structures, as often encountered in experiments. The effects of polarization
and angle-dependent multiple reflection and transmission, as well as material
dispersion, are included. Examples for optical rectification in GaAs and ZnTe
are presented to illustrate the simplicity of the method, and are compared with
experiments. The numerical evaluation of the expressions for the THz electric

field in practical experimental geometries is straightforward.
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1. Introduction

The temporal profile of an electromagnetic wave often carries important information about
the source that generated it. A description of the effects of propagation on the temporal
profile of such waves is often critical both in determining what information can be extracted
from the measurements of the temporal profile and in extracting it. For experiments with
simple boundary conditions', the properties of the radiation can be studied analytically. In
more specialized applications, however, it is necessary to use approaches that allow some
approximations to be made in order to extend the reach of analytical methods. In optics,
for instance, one can use the paraxial wave equation to study the propagation of radiation
in free space, and thereby derive important analytical expressions for the beam properties?.
However, recent advances in the production of few-cycle ultrashort optical pulses®, and THz
pulses* 6 have allowed the creation of electromagnetic pulses that cannot be described by the
paraxial wave equation. These pulses are often used in situations where the phase of different
frequency components with respect to the envelope function is critical. Experimental tech-
niques have been developed to time-resolve the amplitude and phase of this radiation®"®.
It has been shown that the respective time signatures of this radiation in the near field and

t211, The full solution to Kirchoff’s diffraction integral has been

far field are vastly differen
used to model some experiments and has yielded excellent agreement with experimental
data'?. Yet the generalization of this formalism to more complicated geometries, including
interfaces, is not straightforward. And while solving Maxwell equations with finite-difference
techniques is always an option, doing so can be difficult to implement, particularly in three
dimensions!3.

The goal of this paper is to introduce a practical method for calculating radiated fields

from any prescribed source, both in the near and far field, so that an easy comparison of



predicted results with experimental data can be achieved. This method permits the extrac-
tion of important details about the dynamics of the source that generated the radiation'?.
In this work, the propagation of broadband THz radiation in experimental situations is
modelled taking into consideration polarization-dependent effects at interfaces, multiple re-
flections, dispersion of the index of refraction, as well as near and far field pulse reshaping
effects. Sipe!® has shown that a plane wave decomposition of the field allows the descrip-
tion of the propagation both in the near and far field in terms of simple, intuitive Green
functions. The framework makes use of well-known results from linear optics (e.g., com-
plete frequency-dependent Fresnel transmission and reflection coefficients) and lends itself
nicely to an analysis of relatively complex geometries with multiple reflections and arbitrary
polarizations, as is the case in most practical studies.

The structure of this paper is as follows. In section 2, we build on earlier work!® and
introduce the formalism and notation. Next, in section 3, we describe the propagation of
radiation through vacuum, dielectric media, and lenses. The results are then used in section
4 to obtain the Green functions for different geometries and calculate the radiation from
an arbitrary polarization source. Finally, straightforward examples from realistic situations
both in the near and far field are worked out, the results of which can be directly used in

modelling most experimental situations.

2. Formalism

Plane waves and spherical waves are both eigenmodes of the Helmoltz equation. Therefore
any propagating electromagnetic field can be expressed as a superposition of either plane or
spherical waves. The key advantage in using plane waves over spherical waves is that the
description of transmission and reflection at interfaces takes a simple form, in that the s- and

p-polarized components of the field can usually be treated independently. Expressions for



the propagation through any layered media, using results from thin film optics, can then be
easily obtained. For these reasons, we employ a plane wave basis with polarization vectors s
and p. Each plane wave is fully defined by four parameters: its frequency (2, its wave vector
v, its polarization vector (§ or p) and, finally, its complex amplitude. The wave vector v is
further decomposed into two components: +w (possibly complex) along the axial direction
%, and K (always real) in the zy plane transverse to 2. The vector R = RR = x@+y{ spans
this transverse plane; the position vector in three dimensions is r = z2 +yy+ 22 = R+ 22.
A plane wave distribution is denoted by the Fourier spectral density E (£2, K). In an infinite
medium with no sources, the field resulting from the superposition of such plane waves that

together with the associated magnetic field, satisfies the Maxwell equations takes the form:

< d) dK , ,
5(T,t):/ —/—E(Q,K;z)eZK'Re_ZQt%—C.c. (1)
o 2m ) (2m)?
where
E.(Q,K;2) = E+(Q, K)e™”, (3)
EL(Q K) = 3BL(Q, K) + p BT (2, K), (4)

where a subscript + is now used to denote the 4Z direction in which the field is either
propagating or suffering evanescent decay with wavenumber component +w along the axial
direction. We refer generally to the 4+ (—) component as the upward (downward) propagating

wave. For example, the distribution representing an upward propagating plane wave of

complex amplitude Eﬁz"’K" at z = 2z, would be represented by
E,(QK;z)=EP*50-Q)(K - K,), (5)

where §(x) denotes the Dirac delta distribution. The wave and polarization vectors are

sketched on Fig. 1 for a situation in which they are real. More generally, in an isotropic
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medium, they are given by:

vy = K +wz, (6)
- 1/2

w = (QPn® — 2) : (7)

§ = K x32, (8)

pe = v (Kéxwf%), 9)

where v = vy is the wave vector with the wave number v = Qn, Q= Q2/c with ¢ the
speed of light, n is the (in general complex) index of refraction, K = K K is the transverse
component of the wave vector, and square roots of complex numbers z are defined such that
Imy/z > 0, and Rey/z > 0 if Im/z = 0. Throughout we will use subscripts, such as in w;
and p;4, to denote the indicated parameters in a medium of refractive index n;. It should be
noted that, for an upward propagating plane wave, given ) and K, one knows the direction
v+ of the propagation vector through Eqs. (6) and (7), and that the direction depends on

the index of refraction of the medium n;.

3. Propagation and Transformations

In realistic experimental geometries, THz pulses propagate through air, dielectric media,
and collimating optics. Since we are interested in the linear propagation of THz pulses, we
can describe the transformation of a single plane wave through such media and optics, and
reconstruct the transformation of a THz pulse from a superposition of plane waves. We
now introduce the necessary transformations of plane waves through dielectric media and

through lenses.
A.  Free space and dielectrics

In vacuum, dielectric, or any layered media where the interfaces are parallel to the xy plane,

a plane wave always remains a plane wave or a sum of plane waves with the same wave vector



component K. The propagation of the fields is facilitated by the use of transfer matrices.
A host of conventions are in common use!®. For positive frequency 2, we find it convenient

to define the matrices with respect to formal vectors e;(z) of the form:

() = E,(Q, K)e™vi= | (10)

E_(Q, K)e iz
where we consider a medium with an index of refraction n;. Here E, (€2, K) identifies either
E5(Q, K) or E5*(Q, K). Separate formal vectors e;(z) are used for §- and p-polarized light,
since the effect of interfaces on the propagation of those two polarizations can be treated

independently. The transfer matrix M;(z) that transforms the formal vector of Eq. (10)

upon propagation in a uniform isotropic medium is:

M;(z) = : (11)

i.e., ei(z1) = M;(z1 — 22)e;(#2) if 21 and 2, are in the same medium. The matrix M;; for the
passage through an interface separating media ¢ and j takes the same form for either $- or

p-polarized radiation; it is:
(12)
i.e., e;(z5) = M;je;(z;) if medium ¢ exists at z > z, and medium j at z < z,, where the

Fresnel coefficients for § and p polarizations are:

2 2

p wing — Wjny; s Wi — Wy
Tij - 2 2 Tz‘j - ) (13)
Wing + w;n; w; + w;
O L N — (14)
Y wm? +wn?’ Y wi+wy
1Yy 2% ? J

Now that basic propagation in dielectric media has been described, we shall examine the

case where a lens is in the path of the beam.



B.  Thin Lens

If the refractive index of a lens is not too large and if the lens is not too small, a good
approximation of the effect of the lens on a beam of light is achieved by modelling it as a
phase mask locally affecting each ray that propagates through it'”. Consider first a wave
distribution incident from z < d, with Fourier spectrum E,(Q, K;d;) = E%™§(Q —
02,)0(K — K,) at z = d; on a parabolic lens of total thickness Dy, width 2L, radius of
curvature R = R, and index of refraction n, as shown on Fig. 2. Recall this represents a
plane wave with transverse wave vector K, frequency €2,, and vector amplitude EQO Ko,
The thickness of the lens as a function of radial distance is djeys (R) = Dy — R?/ 2RifR< L
and 0 if R > L, with a corresponding distance in vacuum dya. (R) = R?/2R if R < L and

Dy, if R > L. Hence, within the usual approximations'”, at z = d, + Dy, the input plane

wave has acquired a phase as a function of radial distance R and is now described by:
8(R + (do + DL)ZA/, t) — EECHKOeiwvacdvac(R)+iwlensdlens(R)+iKO'R—’iQot + C.C. (15)

With Wiens (Wyac) being the z-component of the wave vector inside (outside) the lens material.
Reflections from any of the interfaces as well as polarization dependent refraction effects are
neglected. The output wave is clearly no longer a plane wave because of the R-dependence
imprinted on its phase. Thus, at z = d, + D, an incident plane wave of transverse wave

vector K, has become a distribution of plane waves E (Q, K';d, + Dr):
dK, ’. iK' R—i)t
E(R+ (d,+ Dp)z +(Q,K'5d,+Dp)e' "4 c.c. (16)

with

E%,Ko e—iAwR2/2R+iwlensDL+iKo.R—mot +ecc for R< L
E(R+ (d,+ Dp)z,t) = (17)
E%’KC’e"wVacDL”KO'R*iQ"t + c.c. for R > L,



where Aw = Wiens — Wyae. One easily extracts the distribution E (Q, K';d, + D) with an

inverse Fourier transform of Eqs (15) and (16):

E,(Q.K';d,+ Dy) = B} 6(Q - Q) {e“”““”DL / AR Ko~K')-R-idwR? /2R
R<L

HetveeDr / dRe“Ko—K’)'R} : (18)
R>L

As can be seen from Eq. (18), a single plane wave will exhibit diffraction rings after
it has propagated through the lens due to the effect of the edge of the lens. Similarly,
superpositions of plane waves that result in spatial profiles larger than the lens itself will
not be properly focussed or collimated and will therefore be attenuated. We can simplify
the mathematical expressions and keep essentially the same attenuation effect as Eq. (18)
if, instead of a finite lens of half-width L, a Gaussian aperture (or soft aperture) of 1/e half
width v/2L (in amplitude) is assumed. The width of the soft aperture is defined such that
the energy of a plane wave after the lens is the same as what it would be were it a hard

aperture. One can easily show that Eq. (15) with a complex radius of curvature

1 1 l

represents a Gaussian aperture of half width \/§L, with R, the real radius of curvature of

the lens. Using the shorthand notation

K2 = 220“’ - % (20)

equation (18) can then be approximated by:
E,(Q.K';d,+ D;) ~ E%Ke5(Q—Q,)edwl / AR o—K) R~ (21)
_ 4K_7T§E$O,K05(Q B Qo)ei|K°K;2+meL7 (22)



where the integral has been performed using the identity'®:
2 ) )
/ dpe™? e = 2mi™ ], (), (23)
0

with J,,(z) the Bessel function of order m, as well as

&0 ) L —ib?
/ R dR ¢“F Jo(bR) = 216 ol (24)
0

a

If a distribution of waves E, (2, K;d_) is incident on the lens, the resulting distribution

behind the lens is obtained by superposition:

| K-K'|?

E. (Q,K';d}) :%/%m (Q,K;d)e *i (25)

where we have taken the thin lens limit where D;, — 07. Equations (20) and (25) can be used
to implement the lens transformation numerically. However, it will be shown in section 5 that
the transformation corresponding to a common experimental geometry, where a Gaussian

beam is collimated and refocused, can be treated analytically.

4. Sources, Green Function and Geometry

Although we have described the propagation of THz radiation in dielectric media and lenses,
we have not discussed the generation of the radiation itself. From standard electromagnetism
theory, it is known that electromagnetic fields are radiated from oscillating currents. With
any current density J (7, t), we can associate a polarization potential (or density) according
OP(r,t) . . . . o .
to J(r,t) = - Obtaining the radiated electric field for a given polarization density
P(r,t) is a boundary condition problem and depends on the geometry of the system under
study. For instance, if the source P(r,t) is embedded in a dielectric medium with interfaces

to other media, there will be multiple Fresnel reflections of the generated waves that will

interfere inside and outside the dielectric material and affect the resulting radiation spectrum



and profile. If the polarization source is described in terms of P(Q, K; z) such that:

TdQ [ dK )i K-R i€
’P(’r,t):/O g/@ﬂ)gP(Q,K,z)e e +c.c., (26)

the radiated field is obtained in general from the following Green function integral:
E(Q.K;2) = /dz’ G(QK;z—2) PQ,K,;?). (27)
In an infinite medium of index n;, the Green function, in “MKS units”, is'®:

o i .
G K;z) = 5 (88 + Pr4p14)0(2)e™*

220(z), (28)

with the Heaviside function 6(z) = 1,0 for z > 0,< 0 and €, the permittivity of free

space. The right hand side of Eq. (28) has terms representing the upward (e™'#) and

—iwlz)

downward (e propagating (or evanescent) waves originating from a polarization density

P(Q,K:;2') at 2’ for both § and p;4 polarizations, as well as a local term that will not be
relevant for this work and that has been discussed earlier!®. For an arbitrary geometry
with a source embedded in a dielectric, the results from section 3 are used to obtain the
Green function for any polarization source embedded in any layered dielectric structure.
A common geometry is shown in Fig. 3, where two semi-infinite dielectric materials with
indices of refraction n; and ny (which can be frequency-dependent) are on either side of a
third material with index of refraction nz and thickness D. When the polarization source is

contained in medium 3, the expression for the upward propagating radiation in medium 1

for z > 0 is given by!®:

0

)2 : —
E, (QjK’ Z) = 226 ™ Zcqelwlz |:q1+q3+ . /Ddzle—zw3z P(Q,K, 2,)
P _

q _2iwsD »  ~
+ 13 T 14 G- /
—-D

0
d2'e™* P(Q, K; z')} (29)
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which is expressed as a sum over polarization states § = {$,p} in medium i, where §, =

5_ = 5. The Fabry-Perot term for s and p polarizations is:
tq
Cl = 3 (30)

1 — riyrd ei2wsD’

where tf’j and ng are the Fresnel coefficients for that polarization. At any point, the full
electric field in space and time is obtained by applying a Fourier transform back into real
time ¢ and real space r. The full broadband field can be written explicitly from Eq. (1) and
its explicit calculation for different geometries and sources is the object of the next section.

Expressions for the calculation of the radiation profile, using Eq. (1) together with (27)
and the appropriate Green function, can be simplified when what is wanted is the temporal
profile far from the polarization source P(f2, K;z). To that end, it is useful to rewrite

expansions of the form (1) involving E (2, K; z) as

1dK
t) = Q K wz zK R—iOt c. 1
=[5 [ e K tee. (31)
where
X W
L (QK)e™ = —%E+ (Q,K;2). (32)

The far field limit, as 7 — oo with z > 0 and # = r/r fixed, is'

% 70 B 1Qnr—iQt
E(r,t) ~ / 2—e+(Q, K)e— + c.c., (33)
0 s T

where the value of w and n are calculated in the medium where the wave is propagating
in the far field, and K = v# - (ﬁ — 2%) with U the unit tensor . Clearly, the Fourier
component with wave vector K dominates for a given # and frequency ). For instance, if

one looks at the beam at a far distance z in the direction of the Z axis, then 7 = 2, and

K=v: (U-%5)=0.
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5. Examples

We first discuss how to calculate the temporal profile for an infinite medium with Eq. (1).
The integral over (2 is a simple Fourier transform, but the integral over K in Eq. (1) is
complicated because of the vector nature of K. The product K- R, the arbitrary distribution
P(Q, K;z), and the implicit dependence of § and pL on K (see Eqs 8 and 9) make the
integral over the orientation of K non-trivial, except for the the far field case where Eq. (33)
can be used. Moreover, in general, the radiated field €(r,t) has components along all three
Cartesian coordinates even if P(2, K;z) is linearly polarized. Therefore, before explicitly
integrating Eq. (1), it is useful to make appropriate assumptions on the polarization source
P(Q, K;z), as well as to restrict ourselves to the component of interest of the radiated field.

As our examples, we calculate the temporal profile of the electric field component polar-
ized along z, at R = 0 (i.e., on the Z axis) for the upward propagating wave originating
from a polarization source P(r,t). Also, we take the polarization source P(r,t) to be cylin-
drically symmetric and linearly polarized along % thereby making the polarization density
simple to describe and the integrals easy to evaluate. These approximations correspond
to most experimental situations in the literature today, and illustrate all features of the
formalism.

To illustrate the results with an analytically simple case, we first consider a cylindrically

symmetric sheet of polarization

P(Q,K; 2) = iP(Q, K)5(2) (34)

embedded in a uniform medium of index of refraction n;.

12



A.  Asymptotic expression for far field

A simple expression for the far field temporal profile from the polarization sheet (34) can be
obtained using the Green function (28) for an infinite medium in the general expression for
the field (27), and substituting the field in the far field limit (33). For an observation point

on the 2 axis (i.e., » = 22 and therefore K = 0), the & component of the field is given by:

1 *dQ ~ Bt i
z-E(22,1) ~ / —O2P(Q,0)e" M= 4 ¢ ¢, (35)
0

Amez 2m
The results for a polarization with a Gaussian spectrum and a Gaussian spatial profile

47T3/2

O_QO—%(

P(Q,K) = Pe /ot Kk (36)

are shown on Fig. 4 for z = 50 mm in local time ¢’ = ¢ — zRe(n1)/c, where Re(n;) is the

real part of the index of refraction and P, the peak polarization density. The far field profile
oT O*P

follows the time derivative of the current — = ——,
ot ot?

Alternatively, this can be seen directly from Eq. (35), since the temporal Fourier transform

as can be seen from the figure.

of the time derivative of the current is proportional to Q?P(Q, K).
B. Near and far fields

In general, the detector must be sufficiently far from the source for the asymptotic limit (35)
to be adequate. If this is not the case, then one must integrate Eq. (1). The integral over
K is written out as a 2D integral in cylindrical coordinates with K = |K| and ¢ the angle
between the # axis and the vector K. All dyadics of the form d@, where @ and b are § or

one of the p’s, are expanded in the form:
b= Fn (aé) emims (37)
where only a finite number of coefficients ?m (d@) survive (m = £2,£1,0). These are easily

determined and are given in Appendix A. The integral over ¢ can then be performed analyti-

cally, whereas the remaining integrals over €2 and K are performed numerically. This reduces
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considerably both the computing time and the memory requirements for the computation,
making the results developed here very easily handled by a modest personal computer.
To obtain the x component of the upward propagating field in the case of a polarization

sheet (34) in an infinite medium, Eqs (27) and (28) are used:

)2

26011)1

- E (O K;2) =

(Z [7m (§§) + ?m (ﬁl—i—ﬁl—k)] e_imqj) ' ieiwIZP(Qﬂ K) (38>

The & component of E, (€, K; z) follows from the use of the ?m given in Appendix A:

. Q> (1 1 wi  w? s
- E (QK;z)= e (5 - §cos2¢+ 22 + Q—V%COSQQS) e P, K). (39)

To obtain the temporal profile of the THz field, we substitute Eq (39) in Eq. (1) and integrate
over ¢, (), and K; the first integral is done analytically. For an observation point at r = 22

(i.e., on axis), we obtain:

iAo [CKAK (1w’ |
P E(25,1) = B Greiat S W) yrtemiep ). (40
B E(=21) 260/0 or O )y Ton (2+2u12 wp TP K. (40)

When a broad range of wave vectors K is present, w; can decrease to a very small value
or even become imaginary. If n; is real, the divergence w; ' is purely formal since it can be
integrated over and can easily be handled analytically. In practice, however, any residual
absorption in medium 1 will ensure that w; never vanishes (see Eq. 7). The integrand is
then strongly peaked but can be integrated numerically with appropriate sampling. The
integrand is sampled at different values of K [i] where wq(Q, K [i +1]) — wi(Q, K [i]) is
constant and equal to A, as long as the corresponding change in K [i + 1] — K [7] is smaller
than A. The sampling parameter A is decreased appropriately until the calculated results
do not change. Results for a polarization of the type of Eq. (36) are shown on Fig. 5 in
local time ' =t — zRe(ny)/c and at different z values. We see the onset of the asymptotic

solution Eq. (35) as the distance from the source is increased. The radiated field follows

14



. . o oP .
the current or the time derivative of the polarization J = —— close to the source but is

ot
B I*P
o2

reshaped into the time derivative of the current density o in the far field, as was

obtained in Fig. 4.

6. Experimental geometries and sources

To extend the previous results to experimentally interesting geometries and polarization
sources is straightforward. The geometry of Fig. 3, often encountered in experiments, is
considered. For the purpose of example, we consider a linearly-polarized, cylindrically-
symmetric, optically-generated polarization source, as obtained from below band gap second-
order rectification®'%?°. The source substrate of thickness D = 100 um is (110)-oriented
GaAs and is surrounded by air (i.e., ny = ny = 1), as shown on Fig. 3. The only non-
zero second-order susceptibility coefficients of GaAs are x$™% = 100 pmV~!, where (zyz2)
is any permutation of zyz. The frequency-dependent index of refraction ng(£2) of GaAs is
obtained from experimental data?'. The optical pump beam is assumed normally incident

from z < —D on the GaAs (medium 3). The spectrum of an optical pump beam centered

at w, with a Gaussian spatial profile is described (see Eq. 3) by:

471'3/2

—(w—wo)?/c2 — 2 /02
o (wwe)?/o2, o~ K/}, (41)

By (w, K)e P/ =

wo€

with a positive center frequency of 2rew; ! = 1.55 um, a spectral width of 20 = 125 fs, and
a spot 1/e-width of 100 pm, giving 20, ! = 100 pm with a peak intensity inside the crystal
of 2|E,. |"ns/Z, = 5 GWem™2 with Z, = 377 Ohms the vacuum impedance. Neglecting

diffraction of the optical pump beam, the following polarization density P (2, K; z) results:

P(QK;2) = 2P (Q, K) e(nbeQ—20m0) (++D) (42)

15



with

F 2 471'3/2 02 /02 K2 /52
P(Q, K) = 2ex5T | B, |P ——-e % /e /i (43)
g

Wo ™ Ko

TYZ

Here, xSt = Xé )/ 2 is the effective nonlinear susceptibility with the optical pump fields
polarized along ¢ (110), o = V20, and ox = /20, are the spectral widths in frequency
space () and transverse wave vector space K respectively, n?, = 3.1 is the pump group index
and a,, is the field absorption coefficient at the pump frequency w,.

A.  Asymptotic expression for far field

To obtain the far field radiation propagating in the positive Z direction in the medium 1, we

substitute the polarization (42) into the expression for the field (29) and use the result in

Eq. (32) to obtain:

0?2 0 N
e (LK) = 4 Zcq {%4{/ dz'e”"* P(Q, K; %)
meo -D
. 0 ; /
+ 7Py / dz'e"* P(Q, K )| (44)
-D

which we substitute into the general expression for the far field (33). The integral over 2z’

can be performed analytically and written as:

0 - o
/ d' ¥ PO, K;2) = &P (Q, K) / 2 (o200 ) (=4 D) g itz (45)

-D

TP (Q, K)Li(Q, K), (46)

where Ly (€, K) is the effective interaction length for the upward- and downward-

propagating waves:

(&

Li(Q,K) = (47)

ind QD—2a,,D _ etiwsD
Fiws + ind, Q — 2a,,

and grows in magnitude as the fields approach the usual phase-matching condition. For an

observation point on the 2 axis (i.e., 7 = 22 and therefore K = 0), the Z component of the
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temporal profile of the beam is:

) ) a0 Q2 . s ot piCnz—iQt
T-E(22,t) ~ o Ire C°P (9,0) [L4(€2,0) + rie L_(9,0)] — + c.c.,(48)

where we took -8 = 1 and 4 - p = 0 to lift the ambiguity of Eqs (8) and (9) at K = 0. The
results are shown on Fig. 6 at z = 5 cm for the polarization source described by Eq. (42),
with the same parameters as before except for a larger bandwidth oq /27 = 3.8 THz. This
slightly overlaps the first phonon resonance at 8.5 THz in GaAs, which is implicitly included
via nz(2). Our results demonstrate how all the dispersive features of the source material
are included in the calculation. The inset shows the corresponding spectrum amplitude
where one can clearly see Fabry-Perot and phonon resonances, as well as the effects of the
frequency-dependent interaction length (which is zero at 6.1 THz).

B. Near and far fields

An approach similar to that used to calculate the near field for the polarization sheet in
the previous section is used here to calculate the near field temporal profile. Starting from

Eq. (29), the & component of the field from both polarizations is:

,l'QQ ) 0 ] ,
-, . E Q’ K; - w1z Cq d ! —l1W3z 2, . -~ ~ . /\P Q’ K, !
T -Ey( 2) 2€ow36 Z {/_D Ze T qiaqsy - TP( 2"
+ 7, e?wsh / dz'e™* %G1, g3 - 2P(Q, K; 2')| . (49)
-D

Using the results of Appendix A, - §¢14¢3+ - T and T - 1. ¢3_ - T are rewritten and we obtain

the equation for the field:

. 02
- E,(QK;z) = —"*P(Q,K)
€EoW3
1 1
X |Li(Q,K) | =C* — =C*® cos 2¢ + 1 op 4 D1 0p cog 2¢
2 2 2V1V3 2V1V3
. 1 1
+ P (Q, K) (érgzcs - §r§2CS cos 2¢
_WW3 gy 5y WIW o) 9
D01, r5,C 20, r5,CP cos2¢ | | . (50)
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Finally, to obtain the total field, Eq. (1) is integrated over 2 and K with Eq. (50). The

integral over ¢, the orientation of K, is performed analytically, leaving us with :

®dQ o, 10 [° KdK . 1
T - g(Zé,t) _ / d e—thZ_ d wg—lezwlzp (Q,K) |:(§CS + w1w3cp> L+(Q,K)
0

% 260 0 1T 2V1V3
. 1
et (e, - e ) LK) + oo G

to integrate numerically. The integrand is strongly peaked as ws approaches zero and sam-
pling of the function is done at different points K [i| corresponding to a constant separation
in w3, as explained previously. The on-axis temporal profile of the THz radiation from
below-band-gap optical rectification from a 100 pgm substrate of GaAs is shown on Fig. 7.
Multiple pulse reflections separated by 2.3 ps (as expected from the thickness of the sub-
strate and its group index at THz frequencies) are observed. The pulses arising from the
multiple reflections are increasingly chirped because of the dispersion of GaAs and the fact
that the reflected pulses have travelled repeatedly through the sample.

C.  Gaussian beam through finite size lens

We have shown in the previous sections how to calculate the near and far field temporal
profiles of a THz beam as it propagates exclusively through layered media. However, because
experimental THz radiation sources are often essentially point sources, diffraction is very
important and the THz radiation must be collimated with optics for experiments. The
dimensions of the optics are such that their finite clear aperture cannot collect all the
energy of low frequencies of the THz spectrum that have diffracted to a size larger than
the diameter of the collimating optics. Various experimental designs make use of off-axis
parabolic mirrors (with a typical diameter of 2.5 ¢cm) to collimate and focus THz beams.
Their finite size has the effect of filtering out low frequencies while letting through the higher

frequencies. Also, most THz detection systems make use of a pair of matched mirrors with
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focal length f’, set up far from the source and in such a way that the first one collimates
a THz point source and the second one focuses it. Within the usual approximations', this
particular arrangement can be treated as a single optical element of focal length f = f'/2,
with d, = d; = f’ (see Fig. 8). We assume that these mirrors are adequately modelled by
finite-size thin lenses as is usually assumed in optics!” and it is therefore sufficient to study
the case of a beam going through a single lens replacing the mirrors. The transformation
of an arbitrary beam by the mirrors is then given by that of the lens in Eq. (25). This
section is an example calculation using the results of section 3B for the effect of finite-size
mirrors on the spectrum and temporal profile of THz beams. In general, the results of the
transformation depend on the spatial profile and radius of curvature of the beam at the
entrance of the lens and is an imaging problem beyond the scope of this work. Therefore,
we make the simplifying assumption that the input spatial profile is Gaussian, as is often
the case experimentally.

We start with a linearly polarized Gaussian beam E, (2, K) =
dro P EL () exp[-K?/o%] at 2 = 0 with o the (real) Gaussian width of the transverse
wave vector distribution and E(Q2) = 2E,(Q2) an arbitrary spectral density. At a distance
d, from its waist is a lens of focal length f = R,/(n — 1), and we are interested in
calculating the field at a distance d; behind the lens (see Fig. 9). Using the paraxial wave

approximation?®?, the field immediately in front of the lens can be written as:

E, (U K;d;) = E, (Q K) 5" (52)
A Gaussian spatial profile can therefore be written as:
- Am iy~
E. (L K;d))=—FE,(Q)e"%e 3 (53)

Ok

19



with

L1
o2(d,) ok o0

(54)

The lens transformation of Eq. (25) is performed with an input wave distribution of the
form of Eq. (53) with the help of identities (23) and (24). We obtain the field immediately

behind the lens with:

A o2(d,) i S -
E. (Q,K;d}) = gWE"'(Q)e Qdo " 03(do) +iKF (55)

The propagation of the field by a distance d; is then obtained simply by multiplying by e?*%
(see Eq. (11)):

4 2 do i0) N T T2 o 12
E. (O K;d,+d;) = U_Z%E+(Q)ezn(do+dz)e oty (56)
K Yi 09

where we defined for simplicity:

1 1 id;
Ay dy) ~ o2, + ik T 20 (57)

When calculating the total field, for instance with Eq. (1), on the z axis (i.e., R = 0),
and with polarization 2, the relative attenuation of frequency component €2 of the field at

z = d, + d; compared to the field at z = 0 is given by:

- dK . )
fqu(Q d d) — z - f (277)2E+ (Q’K7d0+dl) _ Ug(do) U?(do;dl) (58)
i [ E,(Q K; 2(0) o2(d,, 0
Z f(27r)2 +( ) ,0) Uo( ) Uz( 0 )

and its magnitude is shown on Fig. 10 for o' = 100 ym, L = 2.5 cm, f = 2.5 cm, and
d, = d; = 5 cm, corresponding to typical THz parameters. The lens acts as a low frequency
filter. Low frequencies diffract more than do high frequencies and, therefore, their Gaussian
spatial profile at the lens is wider than the lens itself and does not get fully collimated.
Higher frequencies, on the other hand, do not diffract as much and are almost entirely

collimated. This is entirely expected and can be understood intuitively with the following
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physical argument. From previous results, we know that the far field in a given direction
is related to a single transverse wave vector K. Therefore, the finite clear aperture of the
lens can be seen as collimating all waves that make an angle with the 2 axis smaller than
Oco, with tanf., = L/d, ~ | K| /Q (see Fig. 9). Therefore, any plane wave component
E (2, K) with |K| < | K| goes through the collimating lens, whereas a component with
| K| > | K| does not. Since we are assuming a Gaussian spatial profile, the filter function

can be approximated by:

QL
FAProx(Q) — erf? [ —— | . 59
@) ( fUK) (59)
This is also plotted in Fig. 10 for o' = 100 ym, L = 2.5 cm, f = 2.5 cm and d, = d; = 5 cm.
The effect of a collimating lens placed in the far field is therefore to limit the contribution to

the profile of transverse wave vectors | K| < LQ/f. The beam after collimation and focusing

can be obtained by:

2
2K

E. (Q K;d,+d;)=E, (Q,K;d;) FP(Q)e' a e (60)

2fK2

The filter function F*PP%(Q)) is for the finite size effect of the mirror, e’" @ is the phase
curvature introduced by an infinite lens with a focal length equivalent to that of the pair

of matched mirrors, and e™?

i is a propagation factor from the lens to the focal plane.
At Q = 0, the limit of Eq. (60) is zero. Experimental results of THz radiation that is
collimated and refocused can be modelled very well with the combined use of near field
expressions and filtering functions from collimating, focusing, and propagating the beam.
For example, the calculation of THz radiation from optical rectification in a 30 yum ZnTe
crystal detected in a 27 pm ZnTe crystal (similar to the experimental results reported by Han

and Zhang??) is shown on Fig. 11. The calculation makes use of Eq. (50) with the additional

multiplication by filter function Eq. (60). The detection via electro-optic sampling has been
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described elsewhere?* and is an additional filter function. The full dispersion curve of ZnTe is

1.5 and is used in the calculation of the index of refraction

obtained from Leitenstorfer et a
n3() at THz frequency, as well as for the electro-optic detection filter function. These
calculations agree very well with published results?3. The exact temporal profile is strongly

dependent on the frequency-dependent index of ZnTe, and small temporal features are not

easily reproduced when strong phonon resonances are present, as is the case here.

7. Conclusions

Plane waves with polarization basis § and p are ideal for describing the linear propagation of
electromagnetic radiation, since these two polarizations can be treated independently even
in the presence of layered structures. In an infinite medium, the Green function relating
the radiated field to the source is known and the radiated electric field is obtained by inte-
gration over all plane waves of all frequencies and directions. In the far field, it is possible
to simplify these integrals greatly, since only the plane waves having wave vectors in the
direction of the observation point contribute to the field. In the near field, it is possible
to simplify the expressions for the field if one makes the usual assumptions that are easily
met in practice, such as linear polarization and Gaussian spatial profiles. The remaining
integrals are then easily implemented numerically. The generality of the method and its
applicability to experimental situations is demonstrated when thin film transfer matrices
are used in conjunction with the boundary conditions (i.e., incoming and outgoing waves)
to obtain the Green function for a polarization embedded in a three-layer structure. This
Green function is used to calculate the temporal profiles of the far and near field radiation
for a spatially Gaussian polarization source (see Eqs (44) and (51)), and includes the dis-
persion of the source material, the multiple reflections in the material, and the polarization

dependence of the transmissions and reflections at interfaces. Finally, a pair of mirrors,
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often encountered experimentally to collimate and refocus a THz pulse, is shown to cut off
low frequencies but to let through higher frequencies mostly unaltered. The cutoff frequency
depends on the focal length, the size of the mirror, and the size of the THz source. A com-
plete modelling of experiments is possible when the details of the frequency response of the
THz detection system are known. The dispersive properties of various THz measurement

schemes have been studied and compared elsewhere®?426,

One example of experimental
data from the literature?® has been shown to be very well modeled by the formalism pre-
sented in this publication. The straightforward application to experimental situations of the
model presented here allows one to extract details about the THz generation process, as has
been demonstrated elsewhere by our group'*?”. A computer implementation of the results

for calculating the various THz temporal profiles presented in the present paper is available

online?®.
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Appendix A: Angular expansion of the polarization tensors

The different Fourier decompositions > f,, e~ of the polarization tensors are calcu-
lated. For each frequency €2 and transverse wave vector K, § and p,;+ polarization vectors

as well as K are defined in medium 7 as:

A

K =Zcos¢+ ysing

§=K x2=—{cos¢—+asine

1 : K i i
Dit = — <K22FwiK) =—ZF Ea:cosqﬁZF Eysm(;ﬁ

% 7 i
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1. Non-vanishing ?m (85)

— . 1 L .
fo (88) = 5 (22 +99)
2
g . 1 1 .. .. ) 1 .. .
fi2 (88) = 35 (—5 (22 — yy)) +3 (—5 (xy+yl’))
g . 1 1 .. .. ) 1 .. .
oo (88) = 5 (‘5 (22 — yy)) 3 (—5 (xy+yx)>
2. Non-vanishing ?m (P+iDss)
fo (peib) K2M+wiwj(M+M)
iDyi) = 2z T
0 \P+iP+j vivj viv; vy
g R 1 (Kwj,., — Kuw;,, v (Kw; . Kw;
fi1 (Pxib+j) = F3 < v, 2 IZ> ¥ 3 (Wj 2y + v yZ)
o 1 Kw Kuw; 1 ( Kw; .. Kuw; . .
piipii) = F= 54 5] + =
for (Piby) :FQ < ViVj = ViVj IZ) 2 ( ViV; i ViVj yz>
A A 1 W;W; , . . . n 1 W;W; . .~
Foalpmiey) = 5 (5 =) ) + 5 (5 i+ 00))
< R 1 fww; .. .. v wiwy o,
f—2 (pi’tpi]) - 2 (2VZ'VJ y)) 2 (21/2‘1/3 y‘r)>
3. Non-vanishing 7m (P+iD=5)
o K?  _ ww; .. .
fo (Pepry) = ——22— - (33 + §9)
Vi Yy
? (A R ) 1 ijM KU}Z’AA +Z K'LU]'AA Kwim
iDri) = = 2T Tz — Z z
+1 \P+iD7) 2 ViV; ™ ViV; 2 ViVv; v+ I/iij
¢ . 1 (Kwj,..  Kuw;,, v (Kw; . Kw,
fa (pﬂijj) 2 ( Vil o Vil Iz) 2 ( Vil F Vil yz)
o R 1 ww; . v wwy
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List of Figure Captions

Fig. 1. Coordinate systems used in the calculations, sketched in the case where §, p4 and v4
are real. a) Axial direction z, wave vector component K, and polarization §. b) Polarization
vectors § and p. for plane wave directions .. ¢) Vector decomposition of plane wave vector
v into its transverse (K) and axial (£wZ) components.

Fig. 2. Lens geometry used in calculation. The upward propagating beam is incident
from z < do.

Fig. 3. Three layer geometry with polarization source in medium with index ns.

Fig. 4. Temporal profile showing the far field at z = 50 mm for 270, = 200 fs, 2mo" =
1 mm in a medium with n? = 10 +710™*, similar to dispersionless GaAs. The field follows
the second time derivative of the polarization envelope function.

Fig. 5. Temporal profile showing the transition from near to far field for common THz
parameters with 27r0§1 = 200 fs, 27m;(1 = 1 mm in a medium with a dielectric constant
n? = 10 +410~* similar to dispersionless GaAs. Profile at top is at z = 0 mm, center is at
z = 8 mm and bottom is at z = 50 mm. The arbitrary units are the same on all plots, and
are the same as those used on Fig. 4.

Fig. 6. Temporal profile of THz radiation from below band gap optical rectification with
oq/2m = 3.8 THz at z = 5 cm. Inset: spectrum amplitude.

Fig. 7. Temporal profile of THz radiation from below band gap optical rectification with
0q/2n= 1 THz near and far from the source.

Fig. 8. Two lenses of focal lengths f’ used to collimate and refocus a point source located
at the focus of one of the lens are equivalent to a single lens with a focal length twice as
short f = f'/2; d, (d;): distance between object (image) plane and lens.

Fig. 9. Diffraction of a Gaussian beam originating from z = 0, and transformation by a
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lens at z = d,. The field at z = d, + d; is obtained. The inset shows how to estimate the
cut-off frequency when the lens is far from a point source with tanf., = L/d, ~ | K| / Q.
Fig. 10. Magnitude of filter function F™! (solid line) and F#PP** (dotted line) for
0 =100 ym, L =2.5cm, f =25 cm and d, = d; = 5 cm.
Fig. 11. Calculation of the temporal profile of THz radiation from below band gap
optical rectification in a 27 pum thick ZnTe crystal detection in a 30 pm ZnTe crystal. These

calculations agree very well with published results?.
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Fig. 1. Coordinate systems used in the calculations, sketched in the case where §, p4 and v
are real. a) Axial direction Z, wave vector component K, and polarization s. b) Polarization
vectors § and py for plane wave directions v1. ¢) Vector decomposition of plane wave vector

v, into its transverse (K) and axial (fwZ) components.

= do+DL

dlens(R)
s=d. \\L / dvae(R)

Fig. 2. Lens geometry used in calculation. The upward propagating beam is incident from

z < ds.

Fig. 3. Three layer geometry with polarization source in medium with index ns.
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1 mm in a medium with n? = 10 + 4104, similar to dispersionless GaAs. The field follows

the second time derivative of the polarization envelope function.
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Fig. 5. Temporal profile showing the transition from near to far field for common THz
parameters with 270" = 200 fs, 2o = 1 mm in a medium with a dielectric constant
n? = 10 +410~* similar to dispersionless GaAs. Profile at top is at z = 0 mm, center is at
z = 8 mm and bottom is at z = 50 mm. The arbitrary units are the same on all plots, and

are the same as those used on Fig. 4.
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Fig. 6. Temporal profile of THz radiation from below band gap optical rectification with

oq/2m = 3.8 THz at z = 5 cm. Inset: spectrum amplitude.
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Fig. 7. Temporal profile of THz radiation from below band gap optical rectification with

0q/2m= 1 THz near and far from the source.
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Fig. 8. Two lenses of focal lengths f’ used to collimate and refocus a point source located at
the focus of one of the lens are equivalent to a single lens with a focal length twice as short

f=1"/2;d, (d;): distance between object (image) plane and lens.

2L

do di

z=0 Z=do+di

Fig. 9. Diffraction of a Gaussian beam originating from z = 0, and transformation by a lens

at z = d,. The field at z = d, + d; is obtained. The inset shows how to estimate the cut-off

frequency when the lens is far from a point source with tanf., = L/d, ~ | K|/ Q.
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Fig. 10. Magnitude of filter function F™! (solid line) and F*P™* (dotted line) for o' =

100 pm, L =25 cm, f =2.5 cm and d, = d; = 5 cm.
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Fig. 11. Calculation of the temporal profile of THz radiation from below band gap optical
rectification in a 27 pum thick ZnTe crystal detection in a 30 ym ZnTe crystal. These

calculations agree very well with published results?.
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